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Abstract
This article is concerned with support theorems of the X-ray trans-
form for manifolds with conjugate points. In particular, we prove a
support theorem for 2-step nilpotent Lie groups. An important in-
gredient of the proof is the concept of plane covers. We also provide
examples of non-homogeneous 3-dimensional simply connected mani-
folds with conjugate points which have support theorems.
1 Introduction
The classical X-ray transform associates to a continuous, sufficiently rapidly
decreasing function on the Euclidean plane the values of its integrals along
straight lines. J. Radon [Ra1917] proved in 1917 an inversion formula for
the X-ray transform and mentioned that, with a small modification, his
inversion formula also holds for the hyperbolic plane. The X-ray trans-
form and its variants are fundamental to computed tomography (see, e.g.,
[Eps2008, Feem2015, Kuchm2014]).
The X-ray transform has also been studied in other geometries like Rie-
mannian Symmetric and Damek-Ricci Spaces (see, e.g., [Hel1965, Hel1981,
Hel2011, Rou2006, Rou2010]) or so-called simple manifolds, i.e., bounded
manifolds with strictly convex boundary and without conjugate points (see,
e.g., [PSh1988, Shara1994, Kr2009, PSU2013]). The methods introduced
∗Research supported by the University of Cyprus.
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for simple manifolds played also an important role in the boundary rigidity
problem, i.e., the question whether the distance function between boundary
points of a Riemannian manifold determines the Riemannian metric in the
interior. See, e.g., [PSU2014], for a survey with a list of open problems.
In this article, we are particularly interested in support theorems for the X-
ray transform on spaces with conjugate points. The classical support theorem
in the Euclidean plane states the following for sufficiently decaying continuous
functions f ∈ C(R2): if the integrals of f over all geodesics avoiding a given
closed ball B vanish then we have suppf ⊂ B (see [Hel2011, Theorem I.2.6]).
Moreover, this fact can be generalized to arbitrary compact sets K ⊂ R2
(instead of balls). In this case the conclusion is suppf ⊂ conv(K), where
conv(K) is the convex hull of K (see [Hel2011, Cor. I.2.8]). In particular the
support theorem implies injectivity of the X-ray transform. It is natural to
ask for analogous results in more general geometries. A support theorem for
simple manifolds was proved in [Kr2009]. We will use this for the Heisenberg
group, even though the Heisenberg group has conjugate points.
All Riemannian manifolds (M, g) in this paper are assumed to be simply
connected, complete and non-compact. Moreover, we only consider func-
tions with compact support to guarantee that the integrals over all escaping
geodesics are finite. Let us recall the definition of escaping geodesics (see,
e.g., [Woj1982]):
Definition 1.1. A unit speed geodesic γ : R → M is called escaping if γ is
a proper map, i.e. for every compact set K ⊂ M there exists t0 > 0 such
that γ(t) 6∈ K whenever |t| ≥ t0. We denote the set of all escaping geodesics
of M by Ge (M). For any subset M
′ ⊂ M , let Ge (M ′) denote the set of all
escaping geodesics of M contained in M ′.
In plain words, an escaping geodesic γ eventually leaves every given com-
pact set. Let Cc(M) be the space of all continuous functions with compact
support. For every function f ∈ Cc(M) the integral of f over an escap-
ing geodesic exists. In simply connected manifolds without conjugate points
all geodesics are escaping. By the Cartan-Hadamard Theorem Riemannian
manifolds of non-positive curvature do not have conjugate points. On the
other hand, the Cartesian product M = R× S2 of the real line and the unit
sphere has conjugate points and a geodesic γ is escaping if and only if γ′ has
a non-zero component in the direction of R.
Definition 1.2. The X-ray transform X f of f ∈ Cc(M) is the function on
2
Ge (M) given by
X f(γ) :=
∫ ∞
−∞
f(γ(t))dt .
Note that in the simply connected example M = R×S2 the X-ray trans-
form is not injective: Let f ∈ Cc(M) be the constant extension of a non-zero
odd function f0 ∈ Cc(R). Then we have X f(γ) = 0 for all escaping geodesics
γ, but f is not zero.
Definition 1.3. We say that (M, g) has a support theorem if for every
compact set K ⊂ M there exists a compact set K̂ ⊂ M with the following
properties:
(a) For all functions f ∈ Cc(M), X f |Ge(M\K) = 0 implies that suppf ⊂ K̂.
(b) If Kn ⊂M is a sequence of compact subsets of M with Kn+1 ⊂ Kn and
diam (Kn)→ 0, then also diam (K̂n)→ 0.
We will be particularly interested in the concrete construction of a set
K̂ ⊂ M from a given compact set K ⊂ M satisfying properties (a) and (b)
in Definition 1.3. While in the Euclidean case we can choose K̂ = conv(K)
to be the convex hull of K, it is not obvious how to choose K̂ in more general
geometries, in particular if there are conjugate points.
Let us discuss the properties (a) and (b) in more detail.
IfK is the support of a non-negative function f ∈ Cc(M), then X f(γ) > 0
for every geodesic γ through the interior ofK. It follows that K̂ must contain
the interior of K for all compact sets K.
Property (b) guarantees that if the set K becomes small then so does K̂.
In particular, if K = ∅, then diam K̂ = 0, hence K̂ is empty or a singleton
and any function f with suppf ⊂ K̂ is zero. Thus (b) implies that the X-ray
transform is injective.
We aim to extend the strong support theorem in the Euclidean and hy-
perbollic plane to manifolds exhausted by such planes.
Definition 1.4. A 2-dimensional totally geodesic closed submanifold Σ of
(M, g) is called a plane in M if Σ is diffeomorphic to R2 and if the induced
metric on Σ has constant non-positive curvature. A plane cover of M is a
collection P of planes in M such that
M =
⋃
Σ∈P
Σ.
3
Since a plane is closed all geodesics ofM contained in a plane are escaping.
Hence a manifold with a plane cover has escaping geodesics through every
point.
Important classes of Riemannian manifolds (M, g) have plane covers,
most prominently symmetric spaces of noncompact type and higher rank.
In Damek-Ricci spaces, and therefore in particular in non compact rank-
1-symmetric spaces, every geodesic is contained in a hyperbolic plane, see
[Rou2010]. Hence these also have a plane cover. More generally homoge-
neous spaces containing a flat or a hyperbolic plane have a plane cover. In
Proposition 2.2 we prove that such homogeneous spaces also have a support
theorem.
Proposition 2.3 implies that all 2-step nilpotent Lie groups with left in-
variant metric of dimension ≥ 4 have Euclidean plane covers. Nilpotent
Lie groups of lower dimensions are abelian or, up to rescaling, isometrically
isomorphic to the Heisenberg group H3 (which coincides with the filiform
group L3, see [KP2010]). By different techniques we show that H
3 also has
a support theorem.
Theorem 1.5. All simply connected 2-step nilpotent Lie groups with left
invariant metrics have a support theorem. In particular, the X-ray transform
is injective.
Products of Riemannian manifolds with only escaping geodesics have
plane covers. However plane covers yielding support theorems do not al-
ways arise from homogeneity or a product structure. In section 4 we provide
examples of a warped product metric on R3 which is non-homogeneous and
has conjugate points. Nonetheless, the metric has a plane cover yielding a
support theorem.
A more quantitative viewpoint on support theorems has been taken in
[PS2016]. The results there depend on the more stringent condition of uni-
formly esacaping geodesics, i.e. every geodesic γ must have left the ball of
radius r around γ(0) after a finite time P (r) independent of the geodesic.
If a manifold has a support theorem in the sense of Definition 1.3 and
σ : R+0 → R+0 is a function so that for all p ∈ M and all r ∈ R+0 we have
B̂σ(r)(p) ⊂ Br(p), then the σ-support theorem as defined in [PS2016] holds
in the manifold.
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2 Plane covers
Planes have a simple support theorem. By [Hel1965], for instance, the sup-
port of a compactly supported function on a plane lies in the convex hull of
a set if the X-ray transform of the function vanishes on all geodesics avoiding
the set.
Proposition 2.1. Let P be a plane cover of M and K ⊂M (not necessarily
compact). Let f ∈ Cc(M). If X f |Ge(M\K) = 0, then
suppf ⊂ K̂ := {x ∈M | ∀Σ ∈ P, x ∈ Σ: x ∈ convΣ(K)} (1)
=
⋂
Σ∈P
((M \ Σ) ∪ convΣ(K)) ,
where for A ⊂ M , convΣ(A) denotes the convex hull of A ∩ Σ in Σ. In
particular, X is injective.
Proof. Let f ∈ Cc(M) and K ⊂ M be compact such that X f |Ge(M\K) = 0.
Let x ∈M\K̂. By the definition of K̂ there is Σ ∈ P with x ∈ Σ\convΣ(K∩
Σ). Let f0 = f
∣∣∣
Σ
and K0 = Σ∩K. Then f0 ∈ Cc(Σ) and K0 ⊂ Σ is compact.
Moreover, x ∈ Σ and x 6∈ convΣ(K0). After rescaling the metric by a constant
factor Σ is isometric to the Euclidean or hyperbolic plane. All geodesics γ in
Σ are escaping and also geodesics in M . Therefore
XΣ(f0)|Σ\K0 = 0 .
Now we employ the Support Theorem for planes and conclude that
f0
∣∣∣
Σ\convΣ(K0)
≡ 0,
and, in particular, f(x) = f0(x) = 0.
By (1), if K = ∅ then K̂ = ∅, hence X is injective.
This does not automatically yield a support theorem because the set K̂
defined by (1) need not be precompact (i.e. bounded). In homogeneous
spaces however, existence of a plane implies a support theorem.
Proposition 2.2. Let M be a homogeneous space, G a closed transitive
subgroup of the isometry group ofM , and P be a plane cover ofM containing
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all translates of at least one plane Σ. Then K̂, defined in (1), is bounded for
every compact subset K ⊂ M and M has a support theorem.
It follows that a homogeneous space which contains a plane has a support
theorem.
Proof. Let Σ ⊂ M be a plane so that gΣ ∈ P for all g ∈ G. We may also
assume that p ∈ Σ ∩ K 6= ∅. Since the projection G → M is proper, the
subset GK = {g ∈ G | gp ∈ K} ⊂ G is compact. The set
SK := {(g, k1, k2) | g ∈ GK , k1, k2 ∈ K, g−1k1, g−1k2 ∈ Σ} ⊂ GK ×K ×K
is compact and the function
δK : SK → R+0 with δK(g, k1, k2) = dΣ(g−1k1, g−1k2)
is continuous. Therefore
DK = max
g∈GK
diam gΣK∩gΣ = max{dΣ(g−1k1, g−1k2) | (g, k1, k2) ∈ SK} = max δK
exists and is finite. The convex hull of a subset of a plane has the same
diameter as the subset itself. Hence
diam gΣconvgΣ(K) = diam
gΣK ∩ gΣ ≤ DK for all g ∈ GK .
By definition
K̂ ⊂
⋃
g∈GK
convgΣ(K)
and each slice convgΣ(K), g ∈ GK , intersects K. It now follows that
diam K̂ ≤ 2DK + diamK . (2)
Finally, let Kn be a sequence of compact sets as in Definition 1.3 (b). If
Kn is empty for some n, then Km is empty for all m ≥ n and we have DKm =
diamKm = 0 hence diam K̂m = 0 for all m ≥ n, hence limn→∞ diam K̂n = 0.
If Kn 6= ∅ for all n, then for each n ∈ N we have gn ∈ GKn, k1,n, k2,n ∈ Kn so
that
DKn = d
Σ(g−1n k1,n, g
−1
n k2,n) .
By compactness, we can assume that limn→∞ gn = g∞ exists. Since
limn→∞ diamKn = 0, the intersection
⋂
nKn = {q} is a singleton and
limn→∞ k1,n = q = limn→∞ k2,n. In particular, by continuity of d
Σ,
lim
n→∞
DKn = lim
n→∞
dΣ(g−1n k1,n, g
−1
n k2,n) = d
Σ(g−1∞ q, g
−1
∞ q) = 0 .
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By (2),
lim
n→∞
diam K̂n ≤ lim
n→∞
(2DKn + diamKn) = 0 .
We now show that many nilpotent Lie groups with left invariant metric
have Euclidean plane covers.
Proposition 2.3. Let G be a simply connected k-step nilpotent Lie group
with a left invariant metric. Let g be its Lie algebra and
0 = g0 ⊳ g1 ⊳ g2 ⊳ · · ·⊳ gk = g
be the upper central series of g. Assume that for some i ∈ {1, . . . , k} we have
dim gi/gi−1 > 1 + dim gi−1 . (3)
Then G has a Euclidean plane cover and has a support theorem.
It follows immediatly that G has a support theorem if dim gi ≥ 2i for
some i ∈ {1, . . . , k}, in particular if dim G ≥ 2k, or if the center of G has at
least dimension 2.
Proof. Let i be as in the assumption of the theorem and let hi = g
⊥
i−1 ∩ gi be
the orthogonal complement of gi−1 in gi. Then
dim hi = dim gi/gi−1 > 1 + dim gi−1 .
For any x ∈ hi, the kernel of the linear map adx : hi → gi−1 is therefore at
least 2-dimensional. Hence there are x, y ∈ hi \ {0} with [x, y] = 0. By the
Koszul formula for left invariant vector fields we have for any z ∈ g,
2〈∇xy, z〉 = 〈[x, y]︸︷︷︸
=0
, z〉 − 〈x, [y, z]︸︷︷︸
∈gi−1
〉 − 〈y, [x, z]︸︷︷︸
∈gi−1
〉 = 0 . (4)
This shows that ∇xx = ∇xy = ∇yy = 0, hence F = {Exp(rx+sy) | r, s ∈ R}
is a totally geodesic flat submanfold of G and therefore the translates of F
form a Euclidean plane cover of G. Since the exponential map of a nilpotent
Lie group is a diffeomorphism, F is a closed submanifold.
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Remark. A nilpotent group can have a plane cover even if the dimension
condition (3) is violated. A k-step nilpotent group must have at least dimen-
sion n = k + 1, the groups with this minimal dimension are called filiform,
[KP2010]. For example (in the notation of [KP2010], p 1592), let Ln be the
metric Lie algebra with orthonormal basis {X1, X2, . . . , Xn}, and Lie bracket
so that [X1, Xi] = Xi+1 and all other brackets trivial. Then if n > 3, (4)
shows that any pair Xi, Xj with 1 ≤ i ≤ j ≤ n, i + 1 < j, spans a plane in
Ln.
3 A support theorem for the Heisenberg group
We now show that the Heisenberg group H3 has a support theorem. In
particular, the X-ray transform on H3 is injective.
Theorem 3.1. For every compact subset K ⊂ H3, there is a compact subset
K̂ ⊂ H3 such that if f ∈ Cc(H3) is so that
∫
γ
f = 0 for all geodesics γ in
H3 \K, then f |H3\K̂ = 0.
Proof. We will use the Lie group exponential
Exp: R3 ∼= h3 ∼= H3
as coordinates for H3, with the last coordinate representing the center and
the first two its orthogonal complement. The Campbell-Hausdorff formula
for a 2-step nilpotent Lie group reads
Exp(x)Exp(a) = Exp
(
x+ a +
1
2
[x, a]
)
for x, a in the Lie algebra. In the case of the Heisenberg group this becomes
Exp(x, y, z)Exp(a, b, c) = Exp
(
x+ a, y + b, z + c+
xb− ya
2
)
.
In the sequel we will suppress the exponential map in the notation. For the
geodesics in the Heisenberg group see [BTV1995], p31. We will only need
horizontal geodesics, in particular those of the form
γx(t) =
(
x, t,
xt
2
)
= (x, 0, 0)(0, t, 0)
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and those obtained from γx by rotations about the z-axis with an angle α,
which we will denote by γx,α. These geodesics lie outside the paraboloid
P =
{
(u, v, w) | w ≥ u
2 + v2
4
}
with exception of one point. The geodesic γx touches the boundary of P in
the point γx(x) =
(
x, x, x
2
2
)
. Clearly every point on the boundary of P is
the unique intersection point of ∂P with a suitable geodesic γx,α.
PSfrag replacements
a
x
x0
y
z
P
P h
B2δ(q)
γx0
γz0x0
Let f be a continuous function onH3, with compact support. Let L ⊂ H3
be a compact subset so that the integral of f over any geodesic avoiding L
vanishes. We can enclose L by two shifted paraboloids,
L ⊂ (P − (0, 0, h−)) ∩ (−P + (0, 0, h+)) =
=
{
(u, v, w) | u
2 + v2
4
− h− ≤ w ≤ h+ − u
2 + v2
4
}
for suitable h−, h+ ∈ R. We will show that the support of f then also lies
in the intersection of these paraboloids. By symmetry it clearly suffices to
do this for one paraboloid only. Shifting f in direction of the center, i.e. the
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z-axis, if necessary, we may assume that L lies in some shifted paraboloid
and that the support of f lies in the paraboloid P ,
L ⊂ P h := P + (0, 0, h) ⊂ P ⊃ suppf , for some h > 0 ,
and that the support of f intersects the boundary of P . Rotating about the
z-axis if necessary, we can also assume that such an intersection point q lies
on a geodesic γx0,
suppf ∩ ∂P ∋ q = γx0(x0)
for some x0 ∈ R. Let δ ∈ R be so that B2δ(q) ∩ P h = ∅ and Bρ(q) is
simple for all ρ ≤ 2δ, i.e. has strictly convex boundary and the Riemannian
exponential map is a diffeomorphism where defined. For z ∈ (−∞, 0] consider
the geodesics
γzx0(t) =
(
x0, t,
x0t
2
+ z
)
.
Among these only γx0 = γ
0
x0
intersects P . There is z0 < 0 so that γ
z0
x0
intersects ∂B2δ(q) in one point a.
The geodesics in Γ := {γzx0 | z ∈ [z0, 0]} do not intersect P h. By Theorem
3.1 from [PS2016], geodesics in 2-step nilpotent Lie groups are uniformly
escaping. Thus there is T ∈ R+, such that for all geodesics γ with γ(0) ∈
B2δ(q) and all t > T , we have γ(t) 6∈ L ∪ (suppf \ Bδ(q)). On the other
hand, since [−T, T ] is compact, there is ǫ > 0 so that no geodesic in the ǫ-
neighbourhood A of Γ intersects L∪(suppf \Bδ(q)). Γ ⊂ A is a deformation
retract.
In particular any geodesic in A can be deformed to the point a. From
Theorem 1, [Kr2009], we infer that the function f vanishes on the union of
the intersections of the geodesics in A with Bδ(q), which is a neighbourhood
of q, hence q can not lie in the closure of f−1(R \ {0}).
4 Non-homogeneous examples in dimension
3 with conjugate points
The previous examples are all homogeneous. We finish this paper presenting
3-dimensional non-homogeneous examples with conjugate points admitting
Euclidean and hyperbolic plane covers so that for every compact set K we
have K̂ bounded.
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Let g be a Riemannian metric on R3 given in cylindrical coordinates
(t, r, α) ∈ R× [0,∞)× [0, 2π) by
g = dt2 + dr2 + f(r, t)2dα2, (5)
where f : R× [0,∞)→ R is a smooth function satisfying
f(r, t) =


sin(r) if 0 ≤ r ≤ 3pi
4
φ(r) if 3pi
4
≤ r ≤ π
2 + r − π if π ≤ r ≤ 2π
2 + r − π if 2π ≤ r and t ≤ 0
> 2 + r − π if 2π ≤ r and t > 0
where φ :
[
3pi
4
, π
]→ (0, 2] is so that f becomes smooth.
The submanifold F = {(0, r, α) | r ∈ [0,∞), α ∈ [0, 2π)} is locally iso-
metric to the round unit sphere for r < 3
4
π. Inside the cylinder r ≤ 2π,
the manifold is isometric to a product, inside the cylinder r ≤ pi
2
this is the
product of the round hemisphere with R.
For α ∈ [0, π) let Eα := {(t, r, α), (t, r, α + π), | t ∈ R, r ∈ [0,∞)}. Then
P = {Eα | α ∈ [0, π)} is a plane cover. The geodesics emanating from the
origin are the same as those of the standard metric of R3. In particular
g is complete. For t ∈ R, St = {(t, r, α) | 0 ≤ r ≤ pi2 , 0 ≤ α < 2π}
is a totally geodesic submanifold with boundary, isometric to a standard
hemisphere. Antipodal points (t, pi
2
, α) and (t, pi
2
, α + π) on the boundary of
St are conjugate. To see this, observe that the embeddings
{(t, r, α) | r ≤ π} ∼= R× S2+ ⊂ R× S2 (6)
are isometric. The rotations of S2 about the axis corresponding under (6)
to a pair of antipodal points in the boundary of S+ provide a one parameter
family of minimizing geodesics joining two such points. The metric is not
homogeneous, in fact g is flat in the region {r > π, t < 0} and isometric to
S2×R in the region {r ≤ pi
2
}. In the region {t < 0 or r < 2π}, g is isometric
to F × R, but clearly, this isometry does not hold globally.
LetK ⊂ R3 be compact and letD = max{‖k‖ | k ∈ K} = max{√t2 + r2 |
(t, r, α) ∈ K}, note that the distance of a point from the origin with respect
to g is the same as the euclidean distance. Thus K ⊂ BD(0). Clearly, for all
Eα ∈ P we have K ∩ Eα ⊂ BD(0), hence
K̂ ⊂
⋃
α
convEα(K) ⊂ BD(0) .
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In order to obtain a similar example with a hyperbolic plane cover, we
replace the metric (5) with
g = dt2 + e2t
(
dr2 + f(r, t)2dα2
)
. (7)
The submanifolds Eα as above are now totally geodesic hyperbolic planes
(with curvature −1) and P = {Eα | α ∈ [0, π)} is a hyperbolic plane cover.
The hemispheres St from above are not totally geodesic. As before the points
(t, pi
2
, α) and (t, pi
2
, α + π) are conjugate. The maps in (6) are still isometric
provided R × S2 carries the metric dt2 + e2tgS2 where gS2 is the standard
metric on S2. As above rotations of S2 provide a one parameter family of
minimizing geodesics joining such two points.
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